In this paper, we give out the complete spinor decomposition of SU (2) gauge potential. This novel theory is of great importance, because it directly expresses the inner structure of SU (2) 
I. INTRODUCTION
The decomposition theory of gauge potential is now playing a more and more important role in theoretical studies. This decomposition reveals the inner structure of gauge potential, so it virtually inputs geometric and other informations to the gauge potential (the connection of principal bundle), and therefore to the gauge field tensor (the curvature of principal bundle). On the other hand, it is well known that the topological characteristic classes can be constructed by the gauge field tensor [1, 2] . Therefore, a direct relationship between differential geometry and topological invariants is established. In this field much progress has been made by other authors [3] and by us, such as the decomposition of U(1) gauge potential and the U(1) topological quantum mechanics, the decomposition of SO(N) spin connection and the structure of GBC topological current, and the decomposition of SU(N) connection and the effective theory of SU(N) QCD, etc. [4] [5] [6] [7] [8] .
In this paper, we will give out the complete spinor decomposition of SU(2) gauge potential. Because the Pauli spinor is the fundamental representation of SU(2) quantum mechanics wave function, this decomposition is essential in the research of spinning systems.
As an important application of this decomposition, we further study the inner structure of Chern-Simons and that of the Chern density, and deduce two new and precise spinor expressions for them. Then, moreover, from the spinor structure of Chern density it is revealed that there are 4-dimensional topological point-defects inhere in the Chern density, which are created from the zero points of wave function and are characterized by the φ-mapping topological numbers -Hopf indices and Brouwer degrees.
II. THE COMPLETE SPINOR DECOMPOSITION OF SU (2) GAUGE

POTENTIAL
In the SU(2) quantum mechanics, the Pauli spinor Ψ is the fundamental representation of wave function. The covariant derivative of Ψ is
where the SU (2) gauge potential is a vector in Clifford algebra space
with Pauli matrices σ a (a = 1, 2, 3) the basis of Clifford algebra:
The complex conjugate of D µ Ψ is
And the gauge field tensor is given by
where
Since among the Pauli matrices σ a there is an orthogonal relation
we can multiply Eq. (1) with Ψ † σ b and Eq.(4) with σ b Ψ respectively, and get
As we all know, any 2 × 2 Hermitian matrix X can be represented by Clifford basis (I, σ) :
hence from Eqs. (2), (8) and (9) we obtain
Eq. (10) with Eqs. (11) and (12) is just the complete spinor decomposition of SU (2) gauge potential in SU(2) gauge theory.
It is easy to prove that a µ and b µ satisfies the gauge transformation and the vectorial transformation respectively:
where (2)), hence A µ satisfies the required SU(2) gauge transformation
The inner structure of A µ (Ψ) with Eq. (5) gives a theory that how the stationary motion of wave function Ψ creates an SU(2) gauge field. This is just the important physical meaning of decomposition of SU(2) gauge potential in quantum mechanics. We stress that this is for the first time to acquire this complete spinor decomposition formula. This result is of great significance, and is determined to play an important role in studying the topology of SU (2) spinning system.
III. THE SPINOR STRUCTURE OF CHERN-SIMONS AND CHERN DENSITY
Since the SU(2) Chern-Simons and the Chern density are widely used in discussing many physical problems, such as the instantons, the merons and the anomaly in nonlinear σ-models etc., in this section we will apply the decomposition of SU(2) gauge potential in last section to study the spinor structures of Chern-Simons and Chern density.
Assume the base M is a compact oriented 4-dimensional manifold, on which there is an open cover {W, V, U, ...} with transition function S uv satisfying
Then on the principal bundle P (π, M, SU(2)), the Chern-Simons 3-form is defined as [9,1]
which immediately leads to the Second Chern class
with ρ(x) the SU(2) Chern density. Substitute the expression of gauge potential A (Eq. (2)) into Eq.(17), noticing
we have
In last section we have obtained the decomposition of SU (2) 
In the above text the spinor Ψ is a 2 × 1matrix
where φ a (a = 0, 1, 2, 3) are real functions, φ a φ a = φ 2 = Ψ † Ψ. In order to simplify the deduction, we introduce a unit vector n a (a = 0, 1, 2, 3)
Obviously the zero points of φ a are just the singular points of n a . Then a normalized spinor
In following, without making mistakes, we can still use signal "Ψ" instead of "Ψ" to stand for the normalized spinor. Thus Eq.(23) becomes
Then we can substitute Eq.(27) into Eq.(21). Notice that the Pauli matrix elements satisfy the formulas
so after deductions we arrive at
This is just the spinor structure of Chern-Simons.
Substitute Eq.(30) into Eq. (18) we can immediately acquire the spinor structure of the second Chern class:
And the density of c 2 (P ) is
which is just the spinor structure of Chern density.
Eqs. (30), (31) and (32) are all new results which are obtained for the first time. It is easy to see that these formulas are all simple and symmetric. We stress that there are no hypothesis in the above deduction, so the results are rigorous. Since these expressions directly relate the fundamental spinor representation of SU (2) wave function to the inner structure of topological characteristic classes, they are very important and must be very useful in the researching of spinning systems.
IV. THE 4-DIMENSIONAL TOPOLOGICAL POINT-DEFECTS IN CHERN
DENSITY
By making use of our φ-mapping topological current theory [4] [5] [6] [7] [8] 11] , in this section we will point out that in ρ(x) there exist 4-dimensional topological point-defects.
Substitute Eq.(26) into the Chern density ρ(x) (Eq.(32)), we have [7] ρ
Using Eq.(25) and the Green function relation in φ-space
we can reexpress Chern density in terms of δ-function form [4, 11] ρ
where D(φ/x) is the Jacobi determinant
From Eq.(35) we know that ρ(x) does not vanish only at the 4-dimensional zero points of φ a , i.e. the singular points of n a .
The implicit function theory shows that [12] , under the regular condition D(φ/x) = 0, the general solutions of
can be expressed as
This means that there are N 4-dimensional point defects residing in the Chern density.
In δ-function theory [13] , one can prove
where the positive integer β j is the Hopf index of φ-mapping. In topology it means that when the point x µ covers the neighborhood of the zero point x µ j once, the vector field φ a covers the corresponding region in φ-space β j times. Introducing the Brouwer degree of φ-mapping
Eq.(35) can be expressed as
Eq.(41) directly shows that there are naturally N 4-dimensional point-defects in the Chern density, which are created from the zero points of φ a and are characterized by the φ-mapping topological numbers -Hopf indices and Brouwer degrees.
Then, from Eq.(41) it is easy to see that the second Chern number which is the integral of the second Chern class is just the sum of φ-mapping topological numbers β j η j :
At last, there are two points which should be stressed: first, besides the application in this paper, the spinor decomposition of SU(2) gauge potential can also be made use of in studying the U(1) field tensor in SU(2) gauge field. Second, an important case of Eq. (41) is the instantons. It is easy to see that the point-defects in Eq.(41) which satisfy the selfduality condition * F = F are just the instantons [1] . Both these two points will be detailed in our other papers.
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